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1 Introduction 


Black holes have been fascinating objects which still await their full understanding. In the 
asymptotically flat case, one of interesting aspects of black holes is the statement that there 
cannot be extra matter profiles outside the black hole horizon except the one responsible for 
electromagnetic charges, which is dubbed as no-hair theorem. This property of black holes is 
widely recognized as the cornerstone of the information problem in black hole physics. Since the 
explicit formulation of no-hair theorem is usually made only in four dimensional asymptotically 
flat space [1, 2, 3, 4] (however, see [5, 6, 7] for the possibility of black holes with non-stationary 
scalar hairs), it is an interesting question to understand what happens in the space of other 
asymptotic structure or in the space of other than four dimensions. 

In the case of the asymptotically AdS spacetime a scalar field can have a negative mass 
square while maintaining the unitarity of the scalar field. This indicates that a scalar field in 
the asymptotically AdS spacetime may behave differently from the one in the asymptotically 
flat spacetime. Indeed, there are numerous analytic examples which have a scalar hair in the 
asymptotically AdS spacetime [8, 9, 10, 11, 12, 13]. Furthermore, the complex scalar field outside 
the black hole horizon is one of the essential ingredients for the construction of the holographic 
superconductor model [14, 15]. This gives us an impression that the theorem may be regarded 
as a specific property of the asymptotically flat spacetime and is nullified in the asymptotically 
AdS spacetime. Nevertheless, there have been some attempts to extend no hair theorem to the 
asymptotically AdS spacetime by imposing some conditions on the scalar field potential [16]. 
The existence of various analytic black hole solutions with a scalar hair shows us that those 
solutions evade some conditions of no-hair theorem. 

At the present stage of the investigation on scalar hairy black holes, it seems very useful to 
explore the properties of scalar hairy black holes in a generic setup resorting to neither specific 
solutions nor the form of the scalar potential. In this regard, there was an interesting observation 
on the scaling symmetry in the reduced action formalism [17]. Concretely speaking, in three- 
dimensional Einstein gravity with a minimally-coupled scalar field, it has been observed that 
the reduced action of spherically symmetric black holes has the novel scaling symmetry and 
shown that its conserved charge leads to a Smarr relation even for scalar hairy black holes. This 
symmetry and the derivation of the Smarr relation do not use any specific property of the scalar 
potential. Therefore, it would be interesting to extend this approach to more generic cases. We 
will show that the scaling symmetry of the reduced action is not restricted to the asymptotically 
AdS spacetime nor to Einstein gravity. 

In recent years, another asymptotic geometry called as the Lifshitz space arouses some inter¬ 
ests in the view point of the AdS/CMT correspondence. Contrary to the AdS space, the Lifshitz 
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space has the anisotropic scaling of time and space as 

t — > A z t , x —> Xx , 

where 2 : is called the dynamical exponent. We would like to study the scalar hairy Lifshitz black 
holes in the reduced action formalism irrespective of the existence of the analytic solutions. 
This space has been studied as the gravity dual to the non-relativistic Lifshitz scaling physical 
system [18, 19]. Analytic Lifshitz black hole solutions in three dimensions have been found and 
the Smarr relation of these black holes is shown to hold in the form of [20] 

M = — — T h Sbh , 

1 + z 

which is also related to the anisotropic Cardy formula [21], On the other hand, analytic solutions 
for scalar hairy black holes in three dimensions have also been found in [22] and shown to satisfy 
the same Smarr relation with the above form. Though hairy black holes in this case seem to 
belong to different sector from the non-hairy black hole solutions, which have different ground 
states [23], it has been shown that they satisfy the same form of the first law of black holes and 
the Smarr relation. 

In this paper, we would like to explore some generic features of scalar hairy Lifshitz black holes 
in three dimensions and the Lifshitz planar black holes in higher than three dimensions. We show 
the existence of the scaling symmetry in the reduced action of new massive gravity(NMG) [24] 
and a specific Einstein-Maxwell-dilaton(EMD) gravity, with additional scalar fields. By using 
the radially conserved charge associated with the scaling symmetry, the Smarr relation of hairy 
black holes is derived generally. To identify the Smarr relation correctly, the mass of scalar 
hairy Lifshitz black holes needs to be obtained consistently. We use the quasi-local Abbott- 
Deser-Tekin(ADT) formalism to identify the mass of scalar hairy Lifshitz black holes, some of 
which were studied in [25, 26, 22], We study explicit examples of various hairy and non-hairy 
black holes and confirm that our results hold in all those cases. It is straightforward to perform 
the perturbative analysis on scalar hairy Lifshitz black holes to check our results. 1 

2 Scalar hairy planar black holes : Set-up 

In this section, we provide our set-up and conventions with brief reviews on some basic features 
of our scalar hairy planar black holes. We would like to focus on the solutions in which all the 
fields depend only on the radial coordinate, r. In general, we can take the metric ansatz of 
D-dimensional static planar black holes with a scalar hair as 

ds 2 = -e 2A(r) f(r)dt 2 + + r 2 dT, 2 D _ 2 , tp = ip(r ), (1) 

1 While preparing our manuscript, we received [27], which studies asymptotic AdS case and overlaps partially 

with our results. 
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where Ti £>-2 denotes D — 2 dimensional flat space. The gauge fields may be included and will 
be considered in the later section. For instance, the asymptotic form of the hairy Lifshitz black 
holes is given by 


e A(r) = r z -1 


f(r) = r 2 + 0(r), 

and the asymptotic form of a scalar field with mass can be taken as 


1 + 0 [- 

r 


(2) 


( V _ <£+ , ¥>- 

^ + 


( 3 ) 


where 

a ± = - + * ~ 2 T y^D + z- 2) 2 + 4mJ. 

The asymptotic form includes the case of hairy AdS black holes when z =1. How to choose 
corresponds to boundary conditions of scalar fields and the choice affects the role of scalar hairs 
in the black hole thermodynamics and consequently their dual interpretation [11, 28]. 

Since we are considering non-rotating scalar hairy planar black holes, the near horizon ge¬ 
ometry would be the product of 2-dimensional Rindler space and (D — 2)-dimensional flat space 
X £>—2 • Even though the horizon radius rjj is the unique parameter parametrizing the horizon, 
the Bekenstein-Hawking-Wald entropy of planar black holes, Sbhw-, could be a function of the 
horizon radius rjj and also of the values of matter fields at the horizon. 

Regardless of the asymptotic geometry, one can take the near horizon geometry of scalar 
hairy black holes as determined solely by the horizon radius as follows. By assuming that a 
scalar field does not form extremal black holes, the near horizon geometry of scalar hairy black 
holes may read as 

rlr 2 

ds 2 NH = -e 2A{rH) f\r H )(r - r H )dt 2 + jv( rg )( r _ rg ) + r H d ^D -2 > ( 4 ) 

and the scalar field on the above geometry takes a horizon value = Lp{rn)- Using the change 
of variable p 2 = 4(r — r#)/ /'(tr), the near horizon geometry can be identified with the Rindler 
space as 

ds NH = e 2A(rH) f ,2 (r H )p 2 dt 2 + dp 2 + r 2 H dY? D _ 2 , (5) 

from which one can read the Hawking temperature as 

T H = -^e A ^f'(r H ). 

Recall that the Bekenstein-Hawking-Wald entropy of black holes would be given by the null 
Killing vector £jj on the horizon ~H as [29, 30] 

h Sbhw =16 l ^O In • < 6 ) 
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where Kp v denotes the Noether potential for a diffeomorphism and n does the surface gravity 
which is related to the Hawking temperature, Th = k,/2tt. 

One of the interesting questions about scalar hairy black holes is whether the scalar hair has 
its own chemical potential in the first law of black hole thermodynamics. In other words, one 
may wonder the simplest form of the first law of black hole thermodynamics given in the form 
of 

dM = T h dSsHW , (7) 

is valid even with scalar hairs. In addition, one can ask what happens in the form of the Smarr 
relation in the presence of scalar hairs. It has been known that, depending on the boundary 
conditions for the scalar field, the associated chemical potential exists in the first law of black 
hole thermodynamics [31, 32], However, all the examples studied in this paper satisfy the above 
simplest form of the first law of black hole thermodynamics and the Smarr relation without a 
scalar chemical potential, which can be related to the existence of a certain scaling symmetry. 

Now, we would like to introduce briefly the quasi-local ADT formalism of conserved charges [33, 
34, 35, 36, 37]. By uplifting the on-shell background to the off-shell one in the conventional ADT 
formalism [38, 39, 40], one can match the ADT potential to the Noether potential K ,xv 

as 

2 V=g Q'adt({ ,<**;*)= ; *) - K^(6C ; *) - ($*;*), (8) 

where £ denotes the Killing vector for a conserved charge and 4' does the relevant fields in the 
Lagrangian. The infinitesimal mass (density) of planar black holes in our interest is given by 

<5Qadt(£) = J d D ~ 2 x^y/^gQ^ DT {C). (9) 

One of the consequences of this expression when 5 £^ = 0 is that conserved charges for a exact 
Killing vector £ from the quasi-local ADT formalism are completely consistent with those from 
the covariant phase space. As is known in the covariant phase space formalism, the infinitesimal 
expression of conserved charges can be integrated along the parameter path in the solution space 
and becomes finite expression when the the infinitesimal one satisfies a certain integrability 
condition. In the following section, we will assume the existence of a certain on-shell scaling 
property in solutions. This corresponds to a kind of an integrability in the parameter space, 
which leads to a finite mass expression of static hairy planar black holes in terms of metric 
functions A, f and the scalar field p. 

3 Scalar hairy Lifshitz black holes in NMG 

In this section we consider a specific higher curvature gravity in three dimensions called as 
NMG, which is ghost-free and leads to a parity even massive graviton. Furthermore, it is known 
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to be consistent with a holographic c-theorem [41] and to allow various kinds of black holes 
in the analytic forms. These analytic black hole solutions known in NMG include BTZ black 
holes [42], warped AdS black holes [43] and new type black holes [44]. Another interesting 
class of analytic black hole solutions in NMG includes Lifshitz black holes which may give some 
interesting applications in condensed matter physics. We show that the scalar hairy Lifshitz 
black holes satisfy the same form of the first law of black hole thermodynamics and the Smarr 
relation of the dynamical exponent z. 


3.1 NMG coupled with a scalar field 

The action of NMG with an additional massive scalar field is given by 

/[5, ^ = 16 \g / d3x + ^2 Ck ) + C 

where ?y denotes signature, rj = ±1, and the metric and matter Lagrangians are taken as 


C K = R IJV R 111 ' - , 


£eh = R — 2A, 

= ~ \ d n-v dll( p - f R( p 2 -v(<p). 


( 10 ) 

( 11 ) 

( 12 ) 


We have introduced ry in order to take care of all the possible sign choices of the above three- 
dimensional actions and have abused the notation such as the parameter m 2 may take negative 
values. 

The equations of motion(EOM) for the metric are given by 


V {g pv T A + 2 m 2 — /) 


where 


Gfiu — Rfiu ^Rqimv i 


w — 2 EiRfiv ~ x (— —Rfiu ) R — 8Rfi p Rup + gp,v ( 3 R piJ R IJ(T ——R 


r R'pv — 2^^ 9 ^v T > 

and EOM for the scalar field tp is given by 

dV(<p) 


□</? — aRxp = 


dp 


(13) 

(14) 

(15) 

(16) 

(17) 


These EOM allow the AdS space as a solution and the radius, L, of the AdS space is deter¬ 
mined by the Lagrangian parameters through the relation 

1 


—AT = 1 - 


4 m 2 L 2 


5 








In the following, we have set the radius L , of the AdS space as unity. Then, the parameter m 2 
in the Lagrangian is related to the cosmological constant by EOM as 1/m 2 = 4(1 + A). 

The action of the NMG admits the Lifshitz space, of which metric can be written as 


ds 2 



2 z c\v^ 

dt 2 + L 2^ + r 2 de 2 


(18) 


It turns out that the radius L z is related to the Lagrangian parameters as 


—L 2 A = 1 + 


(z 2 + z - l)(z 2 - 3z + 1) 
4 m 2 Ll 


m 2 L 2 = ^(z 2 — 3z + 1) 


By taking the Lifshitz radius L z as a unity, one obtains the relations among Lagrangian param¬ 
eters as A = — |(z 2 + z + 1) and m 2 = ^(z 2 — 3z + 1). 


3.2 Reduced action of NMG 


For the given ansatz, one can rewrite the original Lagrangian of NMG in terms of fields A, f 
and ip, which would become the, so-called, reduced action of NMG. The reduced action of NMG 
coupled with a scalar field can be written as 

Ired[A , f, ip] = y^T- — J d 3 X L^NMG , L^NMG = V^LeH + + Ly , (19) 

where Leh, Lk, and L v are given, respectively, by 

, d 


Leh = — e 

L k = — 

8 r L 


L in = — 


2rA + 2 (A' + rA' 2 + rA")f + (2 + 3 rA')f + rf" , , _ . 

J dr 

(2 {-A' + rA' 2 + rA")f + 3 rA! f + rf'^j 2 - 4 rf (2 {A r2 + A")f + 3 A'f + f" 
rfip 12 + 2 rV(ip) — aip 2 ^2 (A' + rA' 2 + rA")f + (2 + 3 rA')f' + rf "j 


This reduced action contains four derivative terms and the analysis becomes complicated in this 
form. To simplify the analysis, one can introduce auxiliary fields taking the role of reducing the 
derivative orders. Note that the above reduced action can be put in the following form 


L^nmg = — e 2 


rj(2rA + f - 2/A' - f'Xj + \rf ip' 2 + rV(p>) - -|e A (Z' + e A f')ip 2 


+ 


r/e 


-A r 


8m 2 ? 


8e A \Z + (Z' - e A f') 2 - -ZZ' + — Z : 


-?/ Z + 


m- 


( 20 ) 


where A is introduced as a Lagrange multiplier for our convenience and then we have used 

-X(2e A f)'= -(2e A f\)' + 2e A fX'. (21) 

It is straightforward to obtain EOM by taking variations with respect to A, f, Z and A. Note 
that the last term of the above reduced action is a total derivative and so it would be dropped 
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in the following. One can see that e A is another Lagrange multiplier. As a result, the dynamical 
EOM come from the variations with respect to / and Z. Concretely, EOM by the variation of 
A, Z and e A are given, respectively, by 


Z = (2 re A f) — 2 e A f — re A f' = re A f + 2?’(e A ) /, 

r —A "i 1 

x W , 2 \/ r e 

A = -L-r <^ 2 ' + trV 
2 4m 2 


(Z' — e A f') 


Ay 

z 

2 m 2 i 


(e- A y 


0 = --fv' 2 -rV{ip) + ^f'A 


+ V 


-f- 2rA + 2/A' + /' A - 


= -2 A 


8m. 2 7 


Z'--Z) + 


r 


72 1 


8m? r 


The dynamical EOM from the variations of / and ip are given, respectively, by 


0 = -L e V 2 -^(eV) / + r ? 

0 = (?’e A /v9 , ) / + e A (af'ip - . 


( eA )' + A - Af)}’ + e A V - (e A )'A 

4ra z L r ) 


( 22 ) 

(23) 

(24) 

(25) 

(26) 


One can check that these EOM are consistent with EOM from the original Lagrangian given in 
the appendix. Note also that the above EOM reproduce those of Einstein gravity when m 2 —>• 00 . 

This reduced action is invariant under the rescaling of r, which can be realized, infinitesimally, 
in terms of field variations as 

S<rf = ~ rf), S a e A = a(-2 - rA')e A , 5 a ip = -<jr<p'. (27) 

Generically, any field T of the scaling weight w in the reduced action transforms as 

,5 ct T = a{w^ - rf'). (28) 

It is straightforward to check that the reduced action transforms under the above scaling sym¬ 
metry as 


^a^red — 


1 


167tG 


d 3 x S ', 


where the total derivative term S is given by 


S = —r 


v[Leh H- 9 Lk ) + L 

m. 


Under a generic variation, the reduced action transforms as 


fibred 


1 


167tG 


d s x 


SfSf + S z SZ + S a SA + £ x 5\ + S^Sip + ©'(dT) 


(29) 


(30) 


(31) 


where £qi denotes the Euler-Lagrange expression of the field and 0 denotes the surface term 
under a generic variation. Since derivative terms of A are absent in the reduced action, the total 
surface term 0 is composed of those from Sf , 5Z, 5 A, and 5(p as follows: 


0(<S«) = 0(<5/) + Q(SZ) + 0(<JA) + Q(5ip ), 


(32) 
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where each surface term is given by 


&(Sf) = e J 


”{- 1 + x -i^ (z '- eAf " > } + r A ‘ p2 


Sf, 


G(6Z) = 


Tje 


—A 


a 

+ . 9 
2 ^m z r 


Z' - e A f - -Z 
r 


5Z. 


G(6\) = 2 r/e A fSX, 

Q(d<p) = —re A fip'5ip. 

The Noether charge for the scaling symmetry 2 , which remains constant along r, is given by 


C(? ’ ) = 8^[ 0(< W- 5 


= C. 


(33) 


As a result, the conserved charge for the scaling symmetry in NMG is given by 

8 G C(r) = e A — 7/(2/ + 2r 2 A) — r 2 V (tp) + i r 2 fip' 2 + a ftp 2 + r]X(Z + 2 e A f) 


r/e 


—A r 


8 m 2 . 


(■ Z'-e A f') 2 -^Z 2 


fjf 

2m 2 i 


( Z'-e A f ). 


(34) 


We use EOM from the e 74 -field variation in Eq. (24) to express the charge C in the form, which 
is independent of the scalar potential V(<p), just like the Einstein gravity case [17], as follows 

,-A 


8 Gr)C(r) =e y 


— 1 + A — 

+ e A — 2 rf\' + 7 1 r 2 ftp' 2 


Arn 2 r ( Z '-^f') + ^ 2 \(2f-rf') + XZ 




+ 


-Z(2Z-rZ') 


(35) 


2m? r 2 

Let us clarify the meaning of the conserved charge C by comparing it with the well-known 
physical quantities of black holes. The only conserved physical quantity which is defined at the 
event horizon of the static black hole is the Bekenstein-Hawking-Wald entropy [29] . By using the 
covariant phase space method or, equivalently, the quasi-local ADT formalism, one can obtain 
the black hole entropy as 

K 

&bhw = I ds ^ 


9 -Sbhw = j ds J H dx ^V~9QADT^H ; 'L | s) = 1QjtG dx lw AK' l,A (^ H ; T) 


(36) 


where the relevant Noether potential, for the null Killing vector £#, is given by 


r,*) = 


p—A p—A 

„Ar\ e ry/ryf A nt\ , ^ ry 2 


r 1 (Z + 2e A fX-^- r Z{Z'-e A f') + 


a 


„ 0 -Z z - Zip* 

2m?r 2 J 2 A 


(37) 


r=r H 


By using the fact that f(rn) = 0 at the horizon r = rjj, the conserved charge C in Eq. (35) 
can be expressed as 




: < ll I 1 ) + 


1 


4777 2 


(2 f(r H ) - 3r H A'(r H )f\r H ) - r H f"(r H )) . (38) 


2 Here, we take a = 1 for the parameter independent charge expression. 
































It is straightforward to check that 


C = —Sbhw , 

Zir 

where k is the usual surface gravity and so the Hawking temperature is given by 


(39) 


Now, let us turn to the conserved physical quantity at the asymptotic infinity. In our case 
at hand, it is nothing but the total mass. In order to determine the total mass, we apply the 
quasi-local ADT formalism, which was explained shortly in section 2, to NMG in our ansatz. 
The ADT potential for the Killing vector = jjj in terms of metric fields A, f and the scalar 
field tp is given in the appendix (A. 4). This ADT potential can be rewritten, in terms of the 
auxiliary fields, as 


^V~9Q t adt(^t ; 5g) —V 


{- i+X -£^r (Z '- eAf) + ’’V W + 2feA SX 


—A 


4m 2 : 


-Z5Z' + 


4 m?r 


Sf + 


„-A 


,,-A 


2 m 2 r 2 


Z5Z - 




Z(2Z - rZ')5A 


2V-9Qadt(& ; Sip) = - ( re A f ip' + aZip)5tp . (40) 

One may note that the derivatives of 5A are hidden in the variations of auxiliary fields A, Z and 
Z'. The infinitesimal quasi-local ADT mass expression of black holes is given by 

5M adt = J dx^y/^g ; dg) + Q adt (£t ; Sip)) . (41) 

In order to get the finite mass expression, we need to integrate this infinitesimal expression 
SMadt along the one-paranreter path in the solution space. In the case at hand we choose 
specific one-parameter path as follows. There exists an r-coordinate scaling transformation of 
metric and scalar fields which preserves EOM. By supplementing an appropriate coordinate 
transformation this gives the same form of the metric and scalar fields while changing the 

values of parameters in solutions [45]. This gives a natural one-paranreter path in the solution 
space. This ‘on-shell’ scaling of r-coordinate in black hole solutions can be realized as field 
variations of f,e A ,\,Z and <p. Explicitly, let us introduce 

5 a f = 2/ -rf , 5(7 A = —rA', 5 a (p = -rip', (42) 

5 a e A = ie A - r(e A )' , 8 a Z = ( 7 + 2)Z - rZ' . 

One may note that EOM remain the same under the above variations with an arbitrary 7 , 
while these become the symmetry transformations of the reduced action only when 7 = —2. 
If the value of 7 is chosen as 7 = z — 1, the forms of the metric and scalar fields remain the 
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same while changing the values of parameters. Since the ADT mass expression in Eq. (41) is 
invariant under the diffeomorphism, the variation of the mass M along the path corresponding 
the scaling transformation with 7 = z — 1 supplemented by the coordinate transformation, i.e., 
5 = 5 a + Sniff, is given by 

SMadt = SvMadt = cr(l + z)Madt • (43) 


A simple computation by using the expression of A given in Eq. (23) reveals that the ADT 
potential in Eq. (40) turns out to have the same expression as the Noether charge in Eq. (35) as 
1 


4 G 


V~9Qadt(^t ; S a g) + \/-9 Qadt(£t ; b a (p) 

As a result, we have the relation: 

aC = aC(r —> 00 ) = S^Madt = <r(l + z)Madt ■ 


= oC . 


(44) 


(45) 


By recalling that C(r ) is invariant along the radial direction r and the Eq. (39), we arrive at 
the generic result on the Srnarr relation of hairy Lifshitz black holes as 


(1 + z)M = T h Sbhw ■ 

This is one of our main results for hairy Lifshitz black holes in three dimensions. 


(46) 


3.3 Examples 


In this section, we check our results for various examples explicitly. In three dimensional gravity 
it is straightforward to obtain the conserved charge C. First, let us consider non-hairy black 
holes in NMG. At the horizon for all these black holes, it is trivial to confirm that the conserved 
charge is related to the Bekenstein-Hawking-Wald entropy as in Eq. (39). At the asymptotic 
infinity, as shown in below, one can see that the conserved charge is proportional to the mass of 
the black hole. 

The BTZ black holes exist for any value of the parameter m 2 . The non-rotating BTZ black 
holes correspond to the metric functions of the form e A = 1 and f(r) = r 2 — a. One can check 
that the conserved charge is related to the mass [44, 46] of the non-rotating BTZ black hole as 


C = g 


4 G 


1 + 


1 


2m 2 - 


= ZMadt ■ 


(47) 


The new type black holes [44, 46, 47] have been known to exist when the parameter takes 
the value m 2 = 1/2. The non-rotating black holes are given by the metric functions of the form 
e A = 1 and /(r) = r 2 + br + c. In these new type black holes, we again find the relation between 
the conserved charge and the mass as 


C = 77 ; (fr 2 — 4c) = 2Madt ■ 


(48) 
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At the point m 2 = 1/2, the Lifshitz black holes are also found with the anisotropic scaling 
z = 3 [20]. They are given by taking e A = r z_1 and / = r 2 — a, in which one can see that 

C = -fl-Q = (1 + z)M adt . (49) 

Now we turn to the examples of scalar hairy black holes. The scalar hairy AdS black holes 
in Einstein gravity was found in [ 8 ] and the relevant asymptotic forms of the metric functions 
and the scalar field are given by 

A , 2 B 6 B 2 

e A = l -+ + ■ ■ ■ , 


/ = r 2 + 4 Br — 3(1 + v)B 2 + 
4 yfB 8B 3 / 2 


V = 


r l /2 

3 


3 r-3/2 


+ ••• . 


The charge C is given by 

For hairy Lifshitz black holes in NMG given in [22], one can take 


C = —B 2 (l + v) = 2 Madt ■ 


e A = r z ~ l 


f = r ~ -£= 3 , 

T 2 


V = 


(z — 3)(9z 2 — 12z + ll)o 1 
(z-l)(z 2 -3z + l) r W 


Therefore we find that 


C = - 


rj o 2 (l + z ) 3 {—5 + 3z) 


= (1 + z)M A dt ■ 


(50) 


8 G 16(—1 + z)(l - 3z + z 2 ) 

In all these black holes, we confirm the Srnarr relation through the conserved charge as 


(51) 


(52) 


(53) 


C = T h Sbhw = (1 + z)M A dt ■ 


(54) 


4 Lifshitz planar black hole solutions in higher dimensions 

In this section, we consider the specific EMD gravity [48, 49] which admits Lifshitz planar black 
hole solutions in higher dimensions. The model allows the asymptotically Lifshitz structure 
with anisotropic scale invariance when the gauge and dilaton fields have nontrivial asymptotic 
profiles. The action is given by 

IldAiA = J d D Xy/^g(c E H +£-m) > = -\{ d( ! ) ) 2 - je^T 2 , ( 55 ) 

where, to support asymptotic Lifshitz geometry in D dimensions, the parameters are chosen as 

2 P ~ 2 ^ = {D + z - 2 ){D + z — 3) 

z- 1 ’ 2 
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The AdS background can be obtained by taking the formal limit z —> 1 under which the gauge 
field is decoupled. To obtain the asymptotic Lifshitz geometry given by Eqs. (1) and (2), the 
asymptotic forms of the dilaton and the gauge fields should be taken as 


= y/2(D-2)( Z -l) 


1 + o{- 

r 


A = 


2 ^~ ^ ^-4 r D+z ~2 


D + z-2 


1 + 0 


dt , 


T = dA. 


(56) 

(57) 


One may notice that we need to introduce the dimensionful parameter p which plays the role to 
support the asymptotic Lifshitz structure and has nothing to do with black hole geometry. In 
order to engineer the scalar hair in Lifshitz black holes, we introduce an additional scalar field 
with the action 


^ 16v tG 


d D x v / — ~g 



V{y) 


(58) 


We consider the reduced action formalism in this model, which can cover static, Lifshitz 
planar black holes with a scalar hair. We take the ansatz for the metric and the additional 
scalar field tp as given in Eq. (1). We also take the ansatz for the dilaton and gauge fields as 
4>{r) and A = a(r)dt, respectively. Then, the reduced action becomes 


Ired[A, /, a, <p\ = J d D x [l eh + L M + L^j , 
where the Lagrangian L EE , L<f>A and are given, respectively, by 

((^ - 2 ) 7 ) / + 2 r D - 2 A - 


L E h = —e J 


L M = - V-V/7 2 + V-VW 2 , 


l e A f + 2r u -\e A )'f 


1 


L v = -+r D ~ 2 e A fp' 2 - r D - 2 e A V{p ). 


(59) 

(60) 
(61) 
(62) 


From the variations with respect to the each field, / , e A , a , <f> and ip in the reduced action, EOM 
are given as follows: 


0 = (e A {r D ~ 2 yy - ^r D ~ 2 e A (<// 2 + p' 2 ) , (63) 

0 = r 2 ~ D ({r D - 2 )'f^ + 2A + i fp /2 + V + \fib' 2 + i e~ 2A e^a 12 , (64) 

0 = [r D ~ 2 e~ A e x ^a , y , (65) 

0 = (r D ~ 2 e A + K D - 2 e~ A \ e A V 2 , ( 66 ) 

0 = ( r D ~ 2 e A fp'y - r D ~ 2 e A d v V . (67) 


One may note that these EOM can also be derived from the original Lagrangian. 
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The reduced action is invariant under the following infinitesimal field transformations: 

<W = cr(2/ - r /') , 5 a e A = cr(-(D-1) -rA')e A , (68) 

5 a ip = —err , 5 a (j> = —err (j/ , = cr( — (D — 2)a — r a') . (69) 

The Noether charge C for this scaling symmetry is given by the same expression as in Eq. (33). 
The relevant total derivative term S and the total surface term 0 for this model are given by 


S — —t{Leh + L + Ltp ), (70) 

0(5T) = -(? r D - 2 )'e A df + r D - 2 e“ W da - r D ~ 2 e A ftf'S(/> - r D ~ 2 e A f^6ip . (71) 

Consequently, the Noether charge, which remains constant along r, is given by 


8 GC(r) = - r D ~ 3 e A 


(D -2 ){D + 1 )/ + i re~ 2A e x * (ra' 2 + 2 (D - 2) a a') 
+ 2l " 2A - t^ 2 /0' 2 - 7^ 2 /y 2 + r 2 V{<p) 


(72) 


One may note that we have two more integrals of motion. By integrating the gauge field EOM 
given in Eq. (65), we obtain one integration constant q 


r D -VW= q, 


(73) 


which corresponds to the dimensionful parameter /i. By plugging Eq. (73) to the dilaton field 
EOM given in Eq. (66), we obtain another integration constant X 

r D - 2 e A f^ + ^Xqa = X. (74) 

By using Eq. (64) and Eq. (73), one can rewrite the conserved charge C as 


8 GC = - r D ~ 3 e A 


(D — 2) ^2/ — r — r 2 f (j)' 2 — r 2 fip' 2 


— (D — 2) q a . 


(75) 


Now, we are in the position to compare this Noether charge with the physical quantity of the 
black hole at the horizon, namely the Bekenstein-Hawking-Wald entropy. The entropy density 
Sbhw can be obtained by the similar procedure as in the section 3 and is given by 

^S BHW £ d _ 2 = ^ dx^2V [ Tl = ^ r°- 2 e A ^f'(r H ) S D _ 2 . (76) 


The expression of the conserved charge at the horizon r = becomes 

D- 2 


C =- 


8 G 


r D 2 e A ( r H)f'[ rH ) - qa (r H ) 


(77) 
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Henceforth, contrary to the NMG case in the previous section, the charge C at the horizon 
r = rp{ is not directly related to ThSbhw■ Rather, one can check that 


(D - 2)T h Sbhw = ^ (C _ Co) , C 0 =-- £j—q a ( rH ) • (78) 

Since the integration constant X given in Eq. (74) can be written in terms of the value at the 
horizon as X = — Q a ( r H ), we can confirm that Cq is proportional to the integration 
constant X. 

Like in the previous section, we would like to compare the charge C at the asymptotic infinity 
with the ADT mass expression. In this model, the ADT potentials for the timelike Killing vector 


are given by 

2 V^Qadt^t ■,5g) = -(D- 2)r D ~ 3 e A 8f + r^e^e^aa'dA, (79) 

2 Qadt(€t 8 A) = — r D ~ 2 e~ A e x ^a 5a ', (80) 

2 Qadt(£t ; 8<j)) = —r D ~ 2 e~ A \e x ^a a' 8<p — r D ~ 2 e A f4>' 5(j >, (81) 

2 V^QadAZt ; Stp) = - r D ~ 2 e A f<p' Sip . (82) 

Using the integral of motion in Eq. (73), one can see that the on-shell variation should satisfy 

— r D ~ 2 e~ A e x ^a'5A + r D ~ 2 e~ A e Xc t > Sa' + r D ~ 2 e^ A \e x ^a’5(j> = Sq , (83) 


which leads to the infinitesimal mass formula in the quasi-local ADT formalism as 

5M A dt = J dx/jv\f—g Qa DT (£t ; <^) 


1 


167tG 


— (D — 2)r D 3 e A 5f — a5q — r D 2 e A 8<t> + p'Sip) 


D-2A , 


(84) 


To obtain the mass expression of these Lifshitz planar black holes, we adopt a specific one- 
parameter path in the solution space, which is induced by the ‘on-shell’ scaling transformation 
as before. EOM remain the same under the following ‘on-shell’ scaling transformation with an 
arbitrary 7 , 


$af = <i{2f - r /'), S a e A = cr (7 - r A') e A , 

8 a ip = —ar <p ', 5 a 4> = —err <f! , 5 a a = <7 ((7 + l)a — r a') . (85) 


This becomes the symmetry of the reduced action only when 7 = — (D — 1), and preserves 
the forms of the metric, gauge, dilaton and scalar fields with the appropriate rescaling of the 
parameters when 7 = z — 1 . 

However, one needs to be cautious in taking the one-parameter path when the background 
dimensionful parameter p as given in Eq. (56) exists, as it has nothing to do with the black hole 
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geometry. Since the ‘on-shell’ scaling along the radial coordinate requires inevitably the change 
of the background dimensionful parameter /i, which does not correspond to the parameter path 
in the solution space for black holes, one needs to subtract this unwanted change from the quasi¬ 
local ADT mass expression in Eq. (41). Explicitly, the one parameter path would be chosen 
as S = 5 a + 5ft + Spiff, where 5 M denotes the compensating term caused by the background 
parameter change as follows. By looking at the asymptotic forms of the dilaton and gauge 
fields, one can see that the ‘on-shell’ scaling of [x parameter is given by 

5 a /j, = -o^2[B - 2)(z - 1 ) n . ( 86 ) 

This change should be subtracted, to form a one-parameter path in the solution space, from the 
‘on-shell’ scaling transformation of the dilaton field and the integral constant q, as 3 

5$ = 5^ + 5^, 5q = d C7 q +, (87) 

where 

5^4> = a- 2){z - 1), 5 li q = -a(D-2)q. (88) 

After all these considerations, one can see that the infinitesimal form of the ADT mass expression 
becomes 

5Madt = &<jMadt + Madt = cr(D + z — 2)Madt ■ (89) 

By inserting Eq. (85) and 5 a q = a(D — 2)q to Eq. (84), we compute to find 

5 a MADT =-^~C. (90) 

Ztt 

From Eqs. (84), ( 88 ) and the relation between X and Co, one can also find 

KMadt = - t ^V^D-2)(z-1)X = -|-C 0 . (91) 

Finally, we obtain the generalized Smarr relation as 4 

— (C — Co) = (D + z — 2) Madt = (D — 2)ThSbhw ■ (92) 

ZTT 

These results are completely consistent with those in [26, 53] when the scalar hair is turned off. 
Note that the gauge field charge does not appear in the Smarr relation, nor in the first law of 
black hole thermodynamics, since it play the role supporting the asymptotic Lifshitz structure. 
On the contrary, the charges and potentials of usual gauge fields, which fall off asymptotically, 
appear in the Smarr relation as well as in the first law. 

3 We have omitted the diffeomorphism transformation in the formulas since it does not contribute to the 
covariant ADT expression. 

4 We have been informed [50, 51, 52] that the same relation was obtained, through a similar scaling symmetry 
and the perturbative analysis, for the non-hairy Lifshitz planar black holes. 


15 







Now, we check explicitly our results for the non-hairy black hole solutions given in [48, 49]. 
The metic functions in our ansatz are given by 


,D+z-2 / > 


e A(r) =r z-l f f( r ) = r 

while the dilaton and gauge fields are 

e 0 = y/2(D-2)(z-l) A= I ^Z-l)~ _X D+z _ 2 

* V D + z- 


dt. 


The ADT mass, entropy density and temperature of these black holes are given by 


, , (D — 2 )m _ 1 o -2 

Madt = — T7T ~^—j Sbhw = - —m D +*- 2 , 


rr D -\- Z — 2 
Tff =- : - m o+z—2 _ 


16nG " 4G 1 “ 47 t 

Since the Noether charge C and the integration constant Co can computed as 

C = (D-2)(D-z)^, C7o = -2(£>-2)( Z -l)^, 


(93) 


(94) 


we confirm our results in this example. 


5 Conclusion 

The advent of the AdS/CFT correspondence and its cousins has led to much interest on black 
holes with the non-flat asymptotic structure. Along this correspondence, various scalar hairy 
black holes in the AdS space have been found in the analytic form, which may be contrasted 
to the sacred folklore known as the no-hair theorem. Though the analytic solutions of scalar 
hairy black holes have been found, their stability is not manifest and so no-hair theorem still 
gives us some guidelines and plays some role in understanding black hole physics. Since the 
understanding of the true nature of no-hair theorem or the hairy black hole with the non-flat 
asymptotic geometry is incomplete, it would be better to have a model-independent results on 
hairy black holes. 

In this paper, we have explored the scaling symmetry of the reduced action for static planar 
black holes and found that a generalized Smarr relation can be derived in a very general way. 
Particularly, we have derived the Smarr relation for scalar hairy Lifshitz black holes, which cover 
the AdS space as a special case. Though the scaling symmetry of the reduced action may not 
correspond to the transformation corresponding to the on-shell path in the black hole parameter 
space, we could manage to connect the conserved charge, C associated with the scaling symmetry 
to the physical quantities, the mass and/or the entropy. This is achieved by computing the 
physical quantities by choosing the ‘on-shell’ scaling transformation and comparing them with 
the conserved charge C. 
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In order to derive the Srnarr relation, one needs to have the consistent description of the 
mass of black holes. Though it has been known that boundary conditions of scalar fields may 
lead to non-integrable form of the infinitesimal mass, we have avoided such complicated situ¬ 
ations by restricting ourselves to hairy black holes with the definite on-shell scaling property. 
This boundary condition is implicitly taken care of by choosing the definite ‘on-shell’ scaling 
transformation. 

Concretely, we have studied various hairy and non-hairy black holes in NMG and EMD 
gravity, whose asymptotic geometry is the one of the AdS space or the Lifshitz space. We find 
that the Smarr relation on scalar hairy planar black holes is, generically, given by 

Madt = 7—- -ThSbhw , 

D + z — 2 

which is verified through various examples. This form of the Smarr relation corresponds to the 
cases without the scalar chemical potential in the first law of black hole thermodynamics. 

It would be very interesting to realize black holes with more general boundary conditions 
of scalar fields and derive the Smarr relation in such cases. It would be also interesting to 
understand how to incorporate in our formalism the cosmological constant as a thermodynamic 
variable [54] in the Smarr relation. One of the remaining interesting questions is the holographic 
interpretation of the scaling symmetry and its associated charge. In the view point of the 
AdS/CFT correspondence, the radial invariant charge C means that the existence of RG flow 
invariant quantity in the field theory dual to the hairy black holes. 
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Appendix 


A. Some useful formulae 

In this appendix, we provide some detailed expressions of EOM and quasi-local ADT potentials, 
relevant in Sec. 3. The scalar EOM for the given ansatz in NMG with the additional scalar field 
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becomes 


fX + U'f + £ + /') Ue A fY + r ((e A /)' + (e*)' 




= 0. (A.l) 


Two independent metric EOM are 


A' (ft 


£’, - £ T r = - r,--+ ^ + a {^r - e A (e- A m''' 


Arm 2 


2 /(a ' 3 - 2 A ' 2 ^ - rA") - A'(8A" + rX") - (2 rA" 2 + 3A'" + rA"")) 

+ f'(2rA' 3 - 16 A" - 7 rX" - 7A' 2 - 3rA'A") - f"(llX + 8 rA" - rA' 2 ) 
-2/'"(l + rA')-r/""], (A.2) 


^ = 2rjA + \fX 2 + V{(p) + (77 - ia^ 2 )e _j4 (V 4 /)' + (e^ 4 )'/) - 2ae' A (V/tV) 

+ ^2 r " (^' 2 /' 2 - 2 A '/'( 8 /' + 3 r /") + r (— 20 /' 2 A " + /" 2 - 4 / 7 '")) 

+ 4/ 2 ( - 4r 2 A' 3 + r 3 A' 4 + A' 2 (5r - 2r 3 A") - 2A'(2 + 5r 2 A" + 3r 3 A'") 

- r(—4A" + 3 r 2 A" 2 + 2rX” + 2?’ 2 A"")) 

+ 4r/(r 2 A' 3 /' - 4rA' 2 (3/' + rf") - 2A'(-4/' + 7r 2 A"/' + 2r/" + 2r 2 /'") 

- r/'(8A" + 9rA'")+r 2 (7A"/"+ /"")) . (A.3) 
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By applying the quasi-local ADT formalism, one can obtain quasi-local ADT potentials as 

V~~9Qadt{^t', &?)| r—» oo 
= C — - V$,f + at{r<p 2 )'5f 

+ V(_ 8A7 + UA , 2f _ 4rA ,s f + 3A , f , + 4A , f + 8rA > A " f + 3rA "f _ f " 

4 m z V r 

+ 3 rA'f" + 6 rfA +rf ^Sf 

+ M 3A ' f - 1 2 rAaf+ ^-l rA ' f,+ l rA " f ) sf 

+ M rA ' f -r f ') Sf " + ^ fSf "' 

+ \ ( - — + 5 / 2 ^' - 2rA ' 2 f 2 + Iff - \ rA 'ff - 7 r f 2 + 2rA "f 2 + l r ff") SA ' 

m z V r 2 2 4 2 2 

+ 44/ 2 + rA'f 2 + 2r//'W" + ffrf 2 5X" 
m z V / m z 

— 2ar(f'ip — 2 ftp' + 2fipA')5tp + 4arf(p5(p' , (A.'4) 

- r—» oo 

V-9QaDt{€t] Mlr^oo = ~\ re - A f f <Mr-K» • (A.5) 
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